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A new lattice model of liquid water is developed. The hydrogen bond network is represented by the Ising
variables with the method similar to the one used in combinatorial problems in random graph. Thermodynamic
properties of the model are studies with the mean-field approximation. Phase diagram, density maximum,
and anomalies of supercooled water are discussed. Dynamical properties are also investigated by using the
coupled-map-dynamics method. Energy fluctuation is shown to have 1/flike long time correlation. The network
structural rearrangement takes place collectively in localized regions.

Liquid water is a complex molecular system which
shows many interesting dynamical and thermodynamic
phenomena. Unusual dynamical behavior has been re-
vealed by recent molecular dynamics (MD) studies; Am-
plitude of the potential energy fluctuation of each wa-
ter molecule is much larger than the amplitude of the
kinetic energy fluctuation.? Energy fluctuation shows
1/f like long time correlation at least in the frequency
range of 10°—10% ¢cm™! at room temperature.? Life-
time of hydrogen bond becomes anomalously large when
temperature is lowered.® All these features come from
the fact that water molecules are connected each other
by hydrogen bond and form random and percolated
network.*® Individual water molecules embedded in
this network can not move independently but should
move collectively to rearrange the network structure.
Then, how this collective motion is properly described ?
How many molecules are involved in the motion 7 How
these motions are correlated in space and in time ? Such
questions could be indeed important to understand dy-
namics of chemical reactions and relaxations in liquid
water. Detailed MD investigations were performed to
answer these questions®” but they still remain to be
open problems.

Intense interest has also been focused on the unusual
behavior in statics of liquid water. Liquid water has
exceptionally large specific heat, exhibits density maxi-
mum at 4 °C, and shows minimum in compressibility at
46 °C at atmospheric pressure. These peculiar proper-
ties, however, become more evident when liquid water
is supercooled below the melting temperature. Espe-
cially significant is that thermodynamic response func-
tions such as heat capacity, compressibility and expan-
sivity tend to diverge at temperature around —45 °C at
1 atm.® Speedy gave a phenomenological explanation to
this anomaly® by assuming that the spinodal line of the
liquid—gas transition extends to the negative pressure
region and is continuously connected to the instabil-
ity line of the liquid-solid transition in the supercooled
region. Then, thermodynamic response functions are
expected to diverge approaching the liquid—solid insta-

#This paper is dedicated to the memory of Professor H.
Kato.

bility line in the same way as they diverge around the
liquid-gas spinodal line. Validity of Speedy’s conjec-
ture, however, is still under debate!® and origin and
nature of this anomaly remain to be open questions.

These dynamic and thermodynamic problems of lig-
uid water are closely related to the combinatorial prob-
lem of the random graph. Figure 1 is a snapshot of the
hydrogen bond network obtained from the MD calcula-
tion of liquid water. Hydrogen bond network is a ran-
dom directed graph and the graph changes its topolog-
ical shape due to the thermal fluctuation. In this work
we develop a new lattice model of the random graph to
investigate this structural rearrangement. The idea to
represent the random graph by Ising spin Hamilton-
ian has been successfully applied to combinatorial
problems,'? such as the traveling salesman problem
(TSP),'?1® the weighted matching problem,'*) and the
bi-partitioning problem.!® In this paper the hydrogen
bond graph is represented by a set of Ising spin vari-
ables in a manner similar to the method used in TSP
and in the weighted matching problem.

In the next section the lattice model of the graph is
introduced. This lattice-gas model is then studied with
the mean-field approximation. Phase diagram and lines

Fig. 1.

A snapshort of the hydrogen bond network
obtained from the molecular dynamics calculation.
Arrow is directed from the hydrogen nucleus of one
molecule to the oxygen nucleus of the other molecule.
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of stability limit are derived and Speedy’s conjecture
is discussed. Then, in order to study dynamics of this
lattice-gas model, we introduce a method similar to the
one used by Hopfield and Tank to solve TSP.1?) Energy
fluctuation and its power spectrum are calculated with
this method and compared with the MD results. Final
section is devoted to conclusion and discussion.

The Lattice Model of Random Graph

Various types of lattice-gas models of water have been
developed by different authors.'*—2") The same lattice,
however, the body-centered-cubic (bcc) lattice has been
used as the underlying lattice of models (Fig. 2a). When
the half of the lattice sites are occupied by molecules,
diamond structure is possible (Fig. 2b). Diamond struc-
ture is the structure of ice Ic. Physical properties of ice
Ic is so close to the ones of the usual hexagonal ice, ice
Ih, that ice Ic can be used as an approximation of ice
Th. When all the lattice sites are occupied, on the other
hand, closely packed ice, ice VII or ice VIII should be

<

\

(b)

Fig. 2. (a) The body-centered-cubic (bcc) lattice used
in the present model. The site j is the nearest neigh-
bor of the site 7. The site k and the site n are 2nd
neighbors and the site m is the 3rd neighbor of the
site 7. (b) When the half of the bcc lattice sites are
occupied, ice Ic which has the diamond structure can
be formed.
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formed. Thus the bcc lattice can represent as many
phases as gas, liquid, open structured ice, and closely
packed ice. In the present model we also use the bcc
lattice as the underlying lattice framework.

We introduce the site variable o; and the bond vari-
able s;;; o; is defined on the 4-th site and s;; is defined on
the bond between the 4-th site and its nearest neighbor
Jth site. Both o; and s;; are Ising variables with

by a molecule) , (1)

1 (when the i-th site is occupied
o =
0 (otherwise)

and

from the i-th site to the j-th site)
0 (otherwise)

{ 1 (when the O-H covalent bond is directed
sij = , (2)

Here we should note s;;#s; in general. See Fig. 3. We
define the Hamiltonian

H = Hce + Hu + Hnon-HB. (3)

Hcp represents the condition that each water molecule
has two O—-H covalent bonds:

Heg = AZ (leij - 20’1) ) (4)

where the primmed sum is a sum over nearest neighbors
of the i-th site. Hcp is zero only when the condition
oi=1, ZJ;- sij=2 or 0;=0, s;;=0 is satisfied. Any other
configuration of ¢; or s;; results in the nonzero value of
Hcg. When H30T and OH™ are formed from 2H,0, for
example, Hop gives excess energy of 24. As a value of
A, we could take A~11 kcalmol~!, because the energy
to create the H3Ot and OH™ pair in ice I is about
22 kcalmol=1.2?) In later sections the larger value of
A than 11 kcalmol~! will be used in order to see the
network rearrangement dynamics excluding the effect of
the ionic pair formation. Hyg corresponds to hydrogen
bond;

H

Fig. 3. With this configuration of molecules o;=0;=1
but 05 =0. s;x=s5=1 but s;=s;=0.
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HHB = —ZZ, (Bsij - Csiiji)O'iO'j, (5)
i g

The term proportional to B is the energy gain due to
the hydrogen bond; B~4 kcalmol™!. The term pro-
portional to C represents the energy loss due to the
repulsion between two hydrogen nuclei in the case O-
H of one molecule and H-O of the other molecule come
too close. C'is assumed to be C>B, so that the chance
of formation of O-H--H-O configuration becomes small
at low temperature. Thus, A is assumed to be much
larger than B and C. Hyon—pB is the part coming from
the residual interactions other than hydrogen bond.

Hyon-uB = % > "> ' hoio; +% > > " Jaoio;
7T T g
+ % E E "/Jgo'iO'j, (6)
g

where the summation with a prime is a sum over nearest
neighbors, the one with double prime is a sum over 2nd
neighbors and the one with triple prime is a sum over
3rd neighors. Ji, Jo, and J3 include the van der Waals
interactions and the Coulomb repulsion between Oxy-
gen nuclei and typically less than 1 kcalmol™! at the
distance farther than 3 A.22 Thus, J;, Jo, and J; should
be of order of thermal energy at room temperature but
the energy in hydrogen bonding is much larger than
that;

A>C 2> B> |h| =]k =] (7)

These parameter values will be further calibratd in the
next section so that the mean-field treatment gives rea-
sonable results.

It is interesting to compare Hyg with the Hamilton-
ian of weighted matching problem;

2
HWMP-:AZ(ZSij_l) +BY_ > risij, (8)
i J iJ

where r;; is distance (weight) between the ¢ and
th sites. When we pay attention to s; and regard
o; as quenched variables in Eq. 3, several similari-
ties between two Hamiltonians can be readily pointed
out. Equation 8 was investigated in great detail by
using the replica method which was developed in spin-
glass problems.!¥ The replica analysis suggests that the
replica symmetric solution can describe the low temper-
ature phase of the Hamiltonian (8), which means that
the energy landscape is rugged but has no hierarchical
structure. It would be a very interesting issue to inves-
tigate the energy landscape of the Hamiltonian (3) and
compare it to the one of Eq. 8 or the TSP Hamiltonian.

Mean Field Approximation

The grand canonical partition function, =, for the
Hamiltonian (3) is
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E={Zﬂ:}§exp{(—H+u;0i)/kT}, (8)

Where X(,) and ¥, are summation over configura-
tions of o; and s;; and g is the chemical potential.
Grand potential 2 is 2=—PV =—kTlog =. First, the
summation over s; is carried out in an approximate
way. In this summation the assumption of no ionic pair
(A—00) is used. Detailed explanation of this approxi-
mate sum is given in Appendix. After this summation,
we have the effective Hamiltonian

E =) exp {—Hea/kT},
{o}
Hg=V (T, {O'ij}) + Huon-HB — ﬂzaia (9)

where ¥(T, {0:}) is

¥ (T,{o:}) =
—-kTZO‘iIOg {% [8+leaj] [7+XZ'0'J‘:|},
J J (10

and

X = exp {% [B — (C/4) exp (Bk}cﬂ} -1.  (11)

The similar technique has been used in Ising—Potts spin
system?%23) to obtain the effective Ising Hamitonian by
tracing out the Potts variables. The functional form
of ¥(T, {o0;}) is shown in Fig. 4. ¥(T, {o;}) which
comes from the degree of freedom of s;; is an attractive
potential and has the form of the entropic force. At
high temperature s;; can take more configurations than
at low temperature. In other words, the entropy gain
due to the rotational degree of freedom is the source of
this attractive force. This mechanism is quite similar
to that found in the Ising—Potts lattice model of water
by Sastry et al.??

In this paper we will not consider the closely packed
ice but concentrate on three low density phases; gas,
liquid, and open ice. In order to treat the open ice
phase, we divide the bcc lattice into four sub-lattices,
the lattice-1,2,3, and 4. In Fig. 5 these sub-lattices
are designated with four different symbols. By using
the mean-field approximation, the grand potential is
written with the sub-lattice densities o1, 09, 03, and
04,

T
2 = N{_E (0'1 +0'2)

x log {% [4x (03 + 04) + 8] [4x (03 + 04) + 7]}

T
-3 (03 + 04)
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Fig. 4. The functional form of the effective potential
(T, {o;=0c}) is shown at temperature T/B=0.2
(—), T/B=04 (---), and T/B=0.6 (---). V¥ is
scaled by the energy parameter of hydrogen bond B.
¥ is the attractive force (it decreases as density in-
creases). C/B=2 is used.

Fig. 5. In the mean-field calculation, the bce lattice is
divided to four sub-lattices, lattice-1 O, lattice-2 @,
lattice-3 A, and lattice-4 A.

xlog {3 lbx (01 +02) + 8] lax (o + 02) + 7]}

J J.
Z14 L (014 02) (03 + 04) + 2222 (0102 + 0304)

2
+Z34£ (012 +02° +o03° + 042)

- E(0'1-}-02+673+Cf4)}—TS, (12)

+

2

where 7z is the number of nearest neigbors, z; =8, 2
the number of 2nd neighbors, 2,=6, and 23 the number
of 3rd neighbors, z3=4. The number of the bec lattice
sites is 2N (the number of unit cells is N). S'is the mean-
field expression of entropy,

S = % S {orlog or+ (1—on)log (1= o)},  (13)
A=1
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Here we define n, m, [, and k by the linear combination
of o1, 09, 03, and o4.

n = (01+02+03+U4)/47
m = (01 — o2+ 03 —04) /4,
| = (01— 02— 03 +04) /4,
k= (01 +02—03—04) /4, (14)

n is the average density of molecules and m, [, and k are
order parameters of the symmetry breaking transitions.
n, m, [, and k satisfy

00 00 90 _ 00 _
on  Om Ol Ok
Eq. 15 has the following types of solutions,

0, (15)

gas; (n=ng,m=1=k=0)

liquid; (n=ni,m=101=k=0)

ice; (n=mns,m==2ds,l =k =0)

or (n=mnsl==2ds,m=%k=0), (16)

Four degenerated solutions for ice in Eq. 16 are physi-
cally equivalent.

Density Maximum, Phase Diagram, and Sta-
bility Limit

In Fig. 6 we show the temperature dependence of den-
sity m in the liquid phase under constant pressure, which
is obtained by solving Eqs. 12, 13, 14, and 15. Larger
the pressure, lower the temperature of the density max-
imum. The attractive force ¥ (T, {o;}) of Eq. 10 plays
an essential role for the system to exhibits this den-
sity maximum. In high enough temperature entropy of
Eq. 13 becomes dominant, so that density decrease as
temperature is increased. In lower temperature ¥ (T,
{0i}) becoems more significant and density becomes
larger with this attractive potential. Further lowering
temperature, however, the strength of ¥(T, {0;}) de-
creases (see Fig. 4) and is overcome by the repulsive
term in H,,, g, so that density decreases again.

The liquid—gas coexistence line is obtained by equat-
ing the grand potential as 2 (n=ng, m=I=k=0)=
2 (n=ny, m=I1=k=0). The coexistence line between
liquid and ice and the line between gas and ice can
be similarly obtained by equating the grand potential.
Thus obtained phase diagram is shown in Fig. 7. The
gas—liquid coexistence line is terminated by the critical
point. The slope of the liquid—ice coexistence line is
negative as observed in real water.

Stability limit of the liquid phase is obtained by solv-
ing the equation for the 4x4 matrix §%2/80 00, with
A p=1, 2,3, ord4,

det{ oa }:0, (17)

000,
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Fig. 6. Temperature dependence of density n in the

liquid phase at various pressures. Temperature T
is scaled by the energy parameter of hydrogen bond
B and pressure P is scaled by Ba®, where a® is the
volume of the unit cell of the bcc lattice. Parameters
are C/B=2, J1/B=0.12, Jo/B=0, and J3/B=-0.2.
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005 |- N
\
\
0 \
GAS
-0.05 { | 1 1 ! 1
0 0.1 0.2 03 04 0.5 0.6 0.7
T/B

Fig. 7. The mean-field phase diagram. CP is the criti-
cal point and the dashed line is the line where density
becomes maximum. The same parameters are used
as in Fig. 6.

Thus derived lines of the stability limit is shown in
Fig. 8. There are two instability lines. One is the spin-
odal line for the transition from liquid to gas. This line
starts from the critical point and, as lowering temper-
ature, extends into the negative pressure region. Then
it changes its sign of slope, showing the bending point.
The line of density maximum approaches this bending
point as predicted from the thermodynamic consistency
argument.®?¥ The bending point is, thus, the point that

Masaki SASAI

[Vol. 66, No. 11

0.3

02F
P/Ba’
0.1+F

S
—_
T

0 0.2 04 06
T/B

Fig. 8. The instability line (spinodal line) for the tran-
sition from liquid to gas (—), the instability line for
the transition from liquid to ice (---), the liquid—gas
coexistence line (----), and the line of density max-
imun (---). The line of density maximum approaches
to the bending point of the liquid-gas instability line
at around P/Ba®=-0.1. The same parameters are
used as in Fig. 6.

the attractive force of ¥(T, {0;}) and the repulsive
force in H,on,_pgB are balanced. There is another line
of the stability limit. This is the instability line for the
transition from liquid to ice. This instability arises from
the competition between ¥ (T, {0;}) and Hpon—un. The
line approaches close to the bending point of the liquid-
gas spinodal.

In Fig. 9 both the instability line of the liquid-ice
transition and the liquid—ice coexistence line are shown
with the enlarged scale. Two lines lie very close to each
other and the metastable supercooled region is narrow.
This may be due to the simplified Hamiltonian struc-
ture we used in our model and a remedy would be to use
the more realistic Hamiltonian; If the three- or more-
body molecular interaction can be effectively taken into
account in Hyg, then the ice phase might be more sta-
bilized and the metastable supercooled region would be
enlarged. For the sake of simplicity, however, we do not
go into this point further in the present work.

Recently Sastry et al. developed the Ising—Potts lat-
tice model of water and showed that the mean-field
behavior of the model agrees with Speedy’s conjecture
in many points.?®) In their model the liquid—ice insta-
bility line is tangentially connected to the liquid-gas
instability line. This is due to the high symmetry of
their model Hamiltonian. In the present model with-
out such symmetry, two lines come close around the
bending point but are not continuously connected. We
have two lines of the different nature and the thermo-
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Fig. 9. The liquid—ice coexistence line (—) and the
liquid-ice instability line (—--) lie closely in the T-P
plane in the present model. The same parameters are
used as in Fig. 6.

dynamic behavior near the liquid—ice instability line is
not necessarily same as the divergent behavior around
the liquid—gas instability line. With the present mean-
field treatment (OP/0n)r=0 at the liquid—gas insta-
bility line, so that compressibility diverge near this
line. At the liquid-ice instability line, (8P /dm)7=0
but (0P/0n)r#0, therefore compressibility does not
diverge around this line. This result of no divergence,
however, could be due to the artifact of the mean-field
approximation and is not the conclusive result for this
lattice model. In fact, the functional integral treatment
of the lattice model”?® predicts that thermodynamic
response functions diverge around both two instability
lines. This important issue will be discussed in the sub-
sequent publication.?®

Coupled Map Dynamics of the Random Graph

In the following part of this paper we discuss dynam-
ics of this lattice model. A merit to utilize the present
lattice model to study the dynamical network struc-
tural change is the simplicity that the network is di-
rectly represented by the variable s;;. This would make
the analysis easier than the MD simulations in which
the network must be “defined” through the orientation
or other properties of molecules or by using the quench-
ing method.%27

MD calculations have shown that (1); the rotational
motion of molecule is more than several times faster
than the translational motion, and (2); translation
and rotation are not independent separate motions but
translation takes place in concert with rotation.>® In
order to capture these features, we here use the cou-
pled-map-dynamics technique;*® We regard s;; as the
variable which takes a continuous real value. This
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is the “soft spin” technique developed by Oono and
Puri for the lattice-gas dynamics of the spinodal
decomposition®® and by Hopfield and Tank for the neu-
ral network implementation of TSP.'? s;; of the next
time step is calculated by using the following rule;

ui;(t + 8t) = sij(t) — 775% +&;5(t),
si(t + 6t) = F (usj (t + 6t)), (18)

where ¢;;(¢) is the Gaussian random number which has
the following expectation values:

(&;(t)) =0,
(€ij (t1)mn (t2)) = 20kT8imEinbere,, — (19)
and F(u) is a sigmoidal function which connects 0 and

1 as shown in Fig. 10. Here we use F(u) of the following
form:2®

1 (for u > 1)
w(2u — 1) L1
Flu) =1 2y/1+ (2u—1)2(w? - 1) 2
(for 1 >4 >0)
0 (for 0 > w) ,
(20)

The map u(n+1)=F(u(n)) has three fixed points at
u=0, 0.5, and 1. The fixed point at 0.5 is unstable
but the fixed points at 0 and 1 are stable. Thus, by
repeatedly applying Eq. 18, s;; tends to converge to 0
or 1. Equation 18 is used as the parallel updating rule
applied to every bond variable at the same time and the
periodic boundary condition is used. The larger the val-
ues of w and 7, the higher the computational efficiency.
But when w or 7 exceeds the threshold value, Eq. 18 be-
comes unstable against the strong oscillation or is frozen
to some fixed configuration,?® In order to avoid these

14
7
F(u) ;
7/
0.8} .
Ve
Ve
7/
0.64 s
7
v
0.4+ ,
e
7
0.24 /
7
7
/ + "
-0.25 - 0.25 0.5 0.75 1 1.25
'
’ u

Fig. 10. A sigmoidal function F(u) of Eq. 20 with w=3
is shown. It has three crossing points with the line
u=F(u) at u=0, 0.5, and 1.
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numerical instabilities, we use rather moderate values,
w=1.2 and 7n=0.01 in the present calculation.

Translational motion is calculated by using the
Kawasaki exchange rule. The site i is randomly se-
lected and then one of its nearest or 2nd neighors j is
randomly chosen. If 0;=0 and ¢;=1, or if o;=1 and
0;=0, the value of o; and the value of o; are exchanged
as a trial. Then the rule (18) is applied several times. It
was found that 10 times application of (18) is enough for
the convergence of s;; at low temperature liquid phase.
The energy is calculated with this trial configuration of
{o;} and {s;;}, and this trial is accepted or rejected fol-
lowing the usual Metropolis judgement. 1 Monte Carlo
step (1IMCS) is defined as 2N trials.

At temperature around the mean-field liquid-ice in-
stability line, the application of Eq. 18 almost always
bring {s;} to the configuration of its nearest energy
minimum. Figure 11 schematically shows this situation.
When {o;} is fixed, the energy landscape for {s;;} has
many local minima corresponding to many possible net-
work configurations. Following Eq. 18, {s;;} finds one
of its local minimum. When {o;} is changed with the
Kawasaki rule, the energy landscape is modified and
{si;} is driven to the newly formed energy minimum.
We regard MCS as a unit of “time” ¢. Thus, “temporal”
changes in energy and in structure of the network are
investigated with this Kawasaki-coupled map method.

1/f- like Long Time Energy Fluctuation

Figure 12 is a snapshot of the network structure cal-
culated with the above method. We can see the spa-
tial fluctuation in the network density. There are close-
packed dense regions and bond-breaking sparse regions.
These regions change their boundaries as time proceeds
in our dynamics.

Figure 13 is the temporal variation of the energy fluc-
tuation AE:

Energy

— 5, Configuration

Fig. 11. Schematic representation of the dynamics.
When we regard {o;} as quenched variable, the en-
ergy landscape for {s;;} is rugged corresponding to
the many possible ways to connect bonds among
molecules. The network structure trapped in one of
the local energy minimum is moved by the modifica-
tion of the energy landscape with the slow transla-
tional motion.
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AE(t) = HHB(t) + Hnon-HB(t) - <HHB + Hnon-HB), (21)

where <-.-> is the average taken along the trajectory.
In Fig. 13 we can see that there are multiple timescales;
AFE is described as the superposition of rapid oscilla-
tions and slow variations. This multiplicity in timescale
can be quantitatively represented by the power spec-
trum S(f):

2

Z AE(t)627rift

t

S(f) = (22)

If AFEis described by the single relaxation-time constant

fA/\ P \ %

7

AN
TIFTRE X

Fig. 12. A snapshot of the network structure in the
present lattice model. Real lines are drawn where
0;0;8;5>0.8. The lattice size 2N =2x6x6x6, the
number of molecules is 259 and temperature is 7'/ B=
0.1. Parameters are A/B=10, C/B=1, J,/B=-0.05,
Jz/B=0.1, and J3/B=0.

AE
B
10r

-10

0 t 2000

(MCS)

Fig. 13. The energy fluctuation AE is shown along the
trajectory of the dynamics. T'/B=0.1 and the lattice
size, the number of molecules and energy parameters
are same as in Fig. 12.
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7 (in other words, if AF follows the Debye relaxation
law), then S(f) must be a Lorentzian.

S(f) o (23)

-
1+ (2n7f)2’
Figure 14 is the power spectrum obtained from the data
of Fig. 13. The spectrum is well fitted by f~!° and far
different from the Lorentzian; The energy fluctuation of
this model does not follow the usual Debye relaxation
law.

The similar spectrum has been obtained in the MD
calculation of water;? By filtering out samll amplitude
oscillations with the quenching technique, the power
spectrum of the energy flucturation in the MD calcu-
lation was shown to be approximately f~! at room
temperature. The exponent becomes larger than 1.3
when temperature is lowered.?

The fluctuation which has the power spectrum of f—¢
with 0<a <2 is so called 1/f or flicker noise. Many
systems have been known to exhibit this 1/f noise and
thus various mechanisms have been considered.?® One
possible interpretation is that the power spectrum is
the superposition of Lorentzian spectra with the weight

9(7),

_gnT

/d 154 (2rrf)2 (24)
g(7) is the distribution function of relaxation-time con-
stants and g(7)~77%° to yield the f~15 spectrum.
Such broad distribution of relaxation-time constants is
in strong contrast with the very narrow distribution of
time constants observed in dielectric relaxation mea-
surements in liquid water.?? This might be because in
the dielectric relaxation measurement information on
the non-Debye component of relaxation is lost by ob-
serving the averaged polarization vector. The present
results suggest that the meaning of “average” in the
experimental measurement should be examined more

S [ =
100
10°
10°
10° | | 3
10° 10 10° 10
f (Mcs™)
Fig. 14. The power spectrum S(f) obtained from the

Fourier transformation of the data in Fig. 13.
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carefully. Further analysis on the difference between
the energy relaxation and the dielectric relaxation is
needed.

Equation 24 has often been used to interprete 1/f
noise as the superposition of many activation process-
eses with the broad distribution of activation energy.?®
In the present model, however, there is no theoretical
justification to assume such broad distribution of acti-
vation energy. The origin of 1/f noise shown in Fig. 14
is, thus, still an open problem. One way to look at this
problem is to analyze the relation between the temporal
scaling behavior and the spatial fluctuation of the net-
work structure. Here we take a glance at this problem
by showing the representative patterns of the hydro-
gen bond rearrangement in Fig. 15. We can see that
the network rearrangement occurs in some localized re-
gions. These regions often have interesting shapes such
as the string-like shape or the two dimensional sheet-
like form. Dynamics of this model with the larger num-
ber of lattice sites is now being studied to analyze the
distribution of size and shapes of these regions.

Conclusions

In this paper a new lattice model of the hydrogen
bond network was developed. The random hydrogen
bond network is represented by the Ising spin Hamilton-
ian. This Hamiltonian has the structure similar to those
used to solve the combinatorial problems in random
graph.

Thermodynamic properties of this model were stud-
ied with the mean-field approximation and it was shown
that the present model has properties similar to the fea-
tures of real water. The liquid—gas spinodal line has a
bending point in the T-P plane at the negative pressure.
The line of density maximum reaches this bending point
as was expected from the thermodynamics consistency.
There is another line of instability for transition from
liquid to ice. This liquid—ice instability line extends near
to the bending point of the liquid—gas spinodal line but
two lines are not continuously connected. The existence
of the bending point agrees with Speedy’s conjecture
but it does not necessarily mean that the system be-
haves in the same way around the liquid-gas instability
line and around the liquid-ice instability line. The ther-
modynamic behavior around the liquid-ice instability
must be more deeply studied with the approximation
beyond the mean-field treatment of this paper.

Dynamics of this model were investigated with the
new method which is the combination of the coupled
map dynamics rule for rotation and the Kawasaki ex-
change rule for translation. The energy fluctuation
yields the 1/f1® power spectrum with very long time
correlation. Thus, the energy fluctuation of the present
model can not be described by the single relaxation-
time constant. This multiplicity of timescales should
be due to the multiplicity of the network structures and
of the pathways to rearrange the network. The spatial
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(a)

Fig. 15.

Masaki SASAI

Snapshots of the bond rearrangement patterns.
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(b)

Real lines are bonds newly formed during the i-th step

and i420 th step and dashed lines are bonds disconnected during the same period. :=1900 (a) and i=2080 (b).
T/B=0.1 and the lattice size, the number of molecules and energy parameters are same as in Fig. 12. Regions of
active rearrangement are localized in space. The 1-dim. string like region is seen in (a).

features of the network were studied and it was shown
that bond rearrangement occurs collectively in localized
regions. Further intensive study is necessary to reveal
the statistical law for the network structural changes
and their relations to the energy fluctuation and other
experimentally observable fluctuations.

Thus the lattice-random-graph model of the hydro-
gen-bond network developed in this paper is an impor-
tant tool to investigate the unsolved problems of liquid
water. Many dynamical and thermodynamic features
of water are still left unexplained and these water prob-
lems must be solved by further developing new meth-
ods; new concepts should await in the research of liquid
water.
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Priority Research Area of Chemical Reaction Theories
from Ministry of Education, Science and Culture. The
author thanks Drs. S. Sastry and F. Sciortino for send-
ing him their manuscript prior to the publication. This
paper is dedicated to the memory of Professor H. Kato.

Appendix

The grand canonical partition function is written as

((—Hnon-HB ] a,~> / kT) Z(T,{0:}),

(A1)

E=Zexp

{oi}

and

Z(T7 {01}) = €xp (_ W(Tv {Ul})/kT)

[Hcp + Hus] /kT). (A2)

= > exp(-

{si;} _

We assume that A in Eq. 4 is large enough, so that the

condition Xjsi;=20; is always satisfied. Then Eq. A2 is
approximately written in the following way:

2(T,{o:}) = [LZ(T, {o:}), (A3)
and
(T, {oi}) = {Z}H {oio;
xexp (= [~ Bsij + Csig{s;i)] /KT) + (1 — 0305}
(Ad)

where the product with prime is the product for nearest
neighbor sites of i. and <sj; > is the average of s;; under the
condition of o;0;s;;=1. At high temperature s;; and s;; have
no correlation, so that <s;;>=1/4. At low temperature, on
the other hand, <s;;> should be very small. We adopt the
following form of <sj > which connects 1/4 and 0:
(B-C)/kT).

(s50) = 5 (45)

Then, Eq. A4 is

exp (—

Zi =

(2?6' exp (2D) ) i H o;
(2"75' exp (2D) + Texp (D))

XUzZ (1-o0j) Hok

k(#35)
|
(2?4' exp (2D) + 2 x 6exp (D) + 1)

—+

+



November, 1993]

xaizl(l—-aj 1-o0y) H ok

Jhl k(#35,1)
5! 3!
+ (2'4' exp (2D) + 3 x 5exp (D) + W)
X0; Z "M-o;))(1 =)l - om)

I

F k(#4,8,m)

o
+ (;-é,) o—,»];[’(l —0j)

+ (1-03), (A6)

where D=(B—C<s;;>)/kT. The first term of Eq. A6 ex-
presses the case when the ith site and its nearest neighbor
sites are all occupied by molecules, the second term is when
one of the nearest neigbors of ¢ is unoccupied, the third two
of them are unoccupied ---, the ninth all of the nearest neigh-
bors are unoccupied, and tenth, the last term is the case the
+-th site is unoccupied. Summing up all the terms, Eq. A6
can be written in the compact form:

Zi = 0; {% (eD - I)QZ/Z,U]‘O'[

Il

[e]

<

ke
—
N

—

o

o]
/N
DO =
S,
—~

(3

o]

|

—
~—
Q

+
oo
—_—

(A7)

From Egs. A2, A3, A4, A5, and A7, we have

U (T,{0:}) = —kTZO’i
x log {% [8+XZ'aj] [7+XZ'JJ]}, (A8)

and

B-C
X = exp {kT [ — (C/4) exp ( T )]}——1. (A9)
These are Egs. 10 and 11.
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